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COMPUTATION OF INTEGRAL BASES 


JENS-DIETRICH BAUCH 


Abstract. Let A be a Dedekind domain, K the fraction field of A, and / S 
A[x] a monic irreducible separable polynomial. For a given non-zero prime 
ideal p of A we present in this paper a new characterization of a p-integral 
basis of the extension of K determined by /. This characterization yields in 
an algorithm to compute p-integral bases, which is based on the use of simple 
multipliers that can be constructed with the data that occurs along the flow of 
the Montes Algorithm. Our construction of a p-integral basis is significantly 
faster than the similar approach from [7] and provides in many cases a priori 
a triangular basis. 


Introduction 


Let A be a Dedekind domain, K the fraction field of A, and p a non-zero prime 
ideal of A. By Ap we denote the localization of A at p. Let tt G p be a prime 
element of p. 

Denote by 6* G iG®®P a root of a monic irreducible separable polynomial / G A[a:] 
of degree n and let L = K{9) be the finite separable extension of K generated by 
9. We denote by O the integral closure of A in L and by Op the integral closure of 
Ap in L. A p-integral basis of O is an Ap-basis of Op (cf. Definition 3.1). 

If A is a PID, then O is a free A-module of rank n, and its easy to construct an 
A-basis of O from the different p-integral bases, for prime ideals p of A that divide 
the discriminant of /. 

In this work we follow the approach from [7] to apply the notion of reduceness in 
the context of integral bases. By weakening the concept of rednceness we deduce a 
new characterization of p-integral bases (Theorem |3.2[ ). This yields in an algorithm 
to compute a p-integral basis: We construct for any prime ideal ^ of O lying over p 
a local set C O and a multiplier G L such that UqjipZrpS^ is a p-integral basis 
of O, where denotes the set we obtain by multiplying all elements in B^ by 

zqj. The construction of these local sets and the multipliers is based on the Okutsu- 
Mantes (OM) representations of the prime ideals of O lying over p, provided by 
the Montes algorithm. In comparison with the existing methods from [10] and |7] 
our construction of the multipliers is much simpler (and faster) and results in many 
cases directly in a triangular p-integral basis B of O, that is, B — {6o) • ■ •, 
where hi = gi{9)l'K'^' with pi G A[a:], monic of degree i and rrii G Z. Hence the 
transformation into a basis in HNF becomes especially efhcient. 

The article is divided in the following sections. In section [^ we summarize the 
Montes algorithm briefly and introduce the basic ingredients of our algorithm for 
the computation of a p-integral basis. That is, we define types, Okutsu invariants. 
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and a local set C A[x\ (cf. Definition [13 for a prime ideal fp of O lying 
over p. In section]^ we introduce the notion of (semi)-reduced bases, which pro¬ 
vides a new characterization of p-integral bases (Theorem |3.2[ ) and a new method 
of constructing multipliers zsp, for any prime ideal *P of O over p, such that the 
union of the sets {zqj • 6(0)/7r™'’ | b S for ^|p and certain integers rub, is 

a p-integral basis. If we assume that A/p is finite with q elements and 72, is a 
set of representatives of A/p then we will see that the complexity of the met hod i s 
dominated by O (n^+'^dlogg -I- -I- operation in 72. (Lemma 3.10), 

where 5 := Up(Disc/). In section we consider the practical performance of our 
method in the context of algebraic function fields. We have implemented the 
method for the case A = fc[f], where fc is a finite field or fc = Q. The package 
can be downloaded from https://github.com/JensBauch/Integral_Basis, 


1. Montes algorithm 


We consider the monic separable and irreducible polynomial / e A[x\. For a non¬ 
zero prime ideal p of A we denote the induced discrete valuation by tp : A ^ ZU{oo} 
and the completion oi K ad, p by Kp. The valuation Vp extends in an obvious way 
to Kp. Denote by Ap the valuation ring of Vp and by iTip = pAp its maximal ideal. 

By the classical theorem of Hensel m the prime ideals of O lying over p are in 
one-to-one correspondence with the monic irreducible factors of / in Ap [a;]. 

In this section we describe the Montes algorithm, which determines for the input 
of / and TT a parametrization of the irreducible factors of / in Ap[a:]. Let CP be a 
prime ideal of O lying over p and denote by /rp G Ap [a;] the corresponding irreducible 
factor of /. Then, the Montes algorithm produces a list of data, a so-called type, 

t = (lAo; -^ii i/’i); ■ ■ •; {(/r+i, K+i,4’r+i)), 


which is a representation of the irreducible factor /q 3 and therefore a representation 
the prime ideal fp. We call this representation an OM-representation of fp (cf. 
Definition 1.2). 

The Montes algorithm can be seen as a factorization algorithm, which detects 
the factorization oi f G ^p[a:], but never computes it. To this purpose, a kind of 
Hensel’s lemma of higher order is applied [71 Theorem 3.7]. At any level i > 1, 
besides the fundamental data 4>i G A[x\, Xi G Q>o, V'l G ®'i[2/]j where is a finite 
extension of fcp := A/p, the type supports: 


• Ni : Ap[x] — 2® a Newton polygon operator, 

• Ri : Ap[x\ -G Fi[?/] a residual polynomial operator, 

• Vi-i : Kp{x) —>■ Z U {oo} a discrete valuation. 


Below we give a brief overview of the Montes algorithm, the OM-representation 
of prime ideals, and certain applications, which will be useful for further consid¬ 
erations. The results are mainly extracted from [9] and [10] . A comprehensive 
explanation of the Montes algorithm can be found in |S]. 


1.1. Types. We consider Vp : Kp ^ QU {oo} the by p induced valuation on Kp 
and extend it to a discrete valuation vq on Kp{x), determined by 

(1) Wo : [x] —>■ Z U {oo}, wo(co -I- • • • -I- CrX^) := min{wp(ci) | 0 < j < r}. 

Types of order zero 
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We denote hy Vq := kp — A/p and define the 0-th residual polynomial operator 
i ?0 : W ^ ]Fo[y], g{x) ^ g(|/)/7r’'o(s), 

where : Ap[y\ —>■ Fo[?/] is the natural reduction map and tt € p a uniformizer. A 
type of order zero, 

t = {%), 

is determined by ipoiy) G Fo[t/], a monic irreducible polynomial. A representative 
of t is any monic polynomial (/lix) G A[x\ such that i?o(^i) = V’o- 

We consider the polynomial / in A[x\. From a factorization of Ro{f){y) = 
• • • i/)” g into the product of irreducible monic polynomials ipipiy) G Fg[?/] we 
deduce types of order zero. Each irreducible factor singles out one type of 

order zero. For convenience, we consider one fixed factor, denote it by rpo, and 
consider a representative (fi G A[x\. Let mi := deg^i. 

Types of order one: 


Newton polygon operator. The Newton polygon of a polynomial g{x) G 
Kp[x\ is determined by the pair (vojfii). If X]s>o </)i-adic devel¬ 

opment of g{x), then 

(2) iVi(5):=N„„,^,(5) 

is defined to be the lower convex hull of the set of points of the plane with coor¬ 
dinates {s,vo{as{x)(l)i{xy)). However, we only consider the principal part of this 
polygon, Ny{g) = ^^{g), formed by the sides of negative slopes of Ni{g). The 

length l{Nf{g)) of the polygon Nf {g) is, by definition, the abscissa of its right end 
point. The typical shape of Nf{g) for a monic polynomial g is as shown below. 


Figure 1. Newton polygon of g. 



Residual polynomial operator. We fix Fi := Fg(j/)/('i/lg(?/)) and we set zq to 
be the class of y in Fi, so that Fi = Fg[zg]. The polygon N := Nf{g) has a residual 
coefficient Cs at each integer abscissa, ord,^^ g < s < 1{N), defined as follows: 


j 0, if (s,Tg(as)) lies above N, 

|i?o(as)(zo) € Fi, if (s,i;o(as)) lies on W 
Denote by Slopes(N) the set of slopes of N. Given any A G Q>o, we define: 


Sx{N) := {{x,y) G N \ y + Xx is minimal} 


a vertex, if —A ^ Slopes(N), 
a side, if —A G Slopes(N). 


The picture below illustrates both possibilities. In this picture Lx is the line of 
slope —A having first contact with N from below. 
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Figure 2. A-component of a polygon. 




In any case, S\{N) is a segment of with end points having integer coordinates. 
Any such segment has a degree. If A = h/e with h, e positive coprime integers, the 
degree of Sx{N) is defined as: 

d:= d{SxiN)) ■.= l{Sx{N))/e, 

where 1{S\{N)) is the length of the projection of Sx{N) to the horizontal axis. 
Note that Sx splits into d minimal subsegments, whose end points have integer 
coordinates. Denote Sq and Si the abscissas of the endpoints of Sx- Then, the 
abscissas of the points on Sx with integer coordinates are given by sqj so+e, .-.,51 = 
So + de. We define the residual polynomial of first order of f{x), with respect to 
as: 

Rvo,<t>iA9){y) ■= Cso + Cso+eV H - h Csi/ € F i [j/]. 

Note that Cs^Cs^ ^ 0; thus, the degree of Rvo, 4 >i,x{g) is always equal to d. Let hi, ei 
be coprime positive integers and consider the positive rational number Ai = hijei- 
Let 'ipiiy) G Fi[?/] be a monic irreducible polynomial with ipiiv) 7^ D- Then, 

t = (i/>o; (</>!, Ai,?/ii)), 

is called a type of order one. Such a type supports a residual polynomial operator of 
the first order Ri := Rvo, 4 >i,Xi- Given any such type, one can compute a represen¬ 
tative of t; that is, any monic polynomial ^^ 2 ( 2 ;) € A[x\ of degree ei degipi deg(/ii, 
satisfying i?i(^ 2 )(y) = 'f’liy)- This polynomial is necessarily irreducible in Ap[x]. 

Discrete valuation. The triple (vg, </ii, Ai) also determines a discrete valuation 
on Kp{x) as follows: For g € ATpja;] nonzero, we consider the intersection point 
(0, H) of the vertical axis with the line of slope —Ai containing Sx^ {Nf (g))- Then, 
we set vi{g{x)) := eiH. 

Types of order r: 

Now we may start over again with the pair (ui, (j) 2 ) and repeat all constructions in 
order two. The iteration of this procedure leads to the concept of a type of order r. 
A type of order r > 1 is a chain: 

t {lfg,{^(j)i,\i,'ll}i),..., Xj-, ifff), 

where 4>i{x ),..., 4>r(x) G A[x\ are monic and irreducible in Ap[a;], Ai ,... ,Xr G Q> 0 ) 
and ipoiy) G Fo[y],... j'f’riy) G Fr[?/] are monic irreducible polynomials over certain 
fields Fq C • • • C Fr that satisfy the following recursive properties: 

(1) RQ{(j}i)iy) = %iy). We define Fi := Fgiy)/(ipoiv))■ 

(2) For all 1 < i < r. 
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• deg(/)i| deg()ij+i, 

• := ((/'i+i) is one-sided of slope —Xi, and 

• Ri{(j),+i){y) := = i’ziy)- 

We define Fi+i := Fi[j/]/(V’i( 2 /)). 

(3) Tpriy) ^ y- We define F^+i := Vr[y\l{i^r{y))- 
Thus, a type of order r is an object structured in r levels. In the computational 
representation of a type, several invariants are stored at each level, 1 < i < r. The 
most important ones are: 

ipiix), monic polynomial in A[x\, irreducible in Ap[a;], 

TOi, 

Vi := Vi-i{4>i), nonnegative integer, 

Xi = hi/ei, hi,ei positive coprime integers 

ipiiy), monic irreducible polynomial in Fi[y], 

fi, degipiiy), 

Zi, the class of y in F^+i, so that = 0 and F^+i = Fi[2i]. 

Take /o := degipQ. Note that 

(3) m, = (/o/i • • • /i-i)(ei • • • ej_i) = dimp^ F^+i = /o/i •••/». 

The discrete valuations vq, ... ,Vr on the field Kp(x) are essential invariants of the 
type. 

Definition 1.1. Let g(x) G Ap[x\ he a monic polynomial, and t a type of order 
r > 1. 

(1) We say that t divides g{x), if ipriy) divides Rr(g){y) in Fr[y]. We denote 
ordt(g) := ord,/,^(i?r(3)) 

(2) We say that t is g-complete z/ordt(g) = 1. In this case, t singles out a 

monic irreducible factor gt{x) G of g{x), uniquely determined by the 

property Rr{gt){y) = 'f’riu)- If Kt is the extension field of Kp determined 
by gt(x), then 

e{K,/Kp) = ei • • • e„ f{K^/Kp) = fofi •••/.. 

(3) A representative of t is a monic polynomial (j)r+i{x) G A[x\, of degree 
rUr+i = erfrtTir such that Rr{4>r+i)(y) = ‘f’riv)■ This polynomial is neces¬ 
sarily irreducible in Ap[x]. By definition of a type, each 4>i+i is a represen¬ 
tative of the truncated type of order i 

Trunci(t) := (i/>o; (</>!, Ai, i/'i); (i^i, A^, i/>i)). 

(4) We say that t is optimal if mi < • ■ • < m^, or equivalently, if Cifi > 1, for 
all 1 < i < r. 

A type t of order 0 is by definition optimal. 

1.2. The Montes algorithm. For given f{x) and an uniformizer tt of p, the 
Montes algorithm determines a family ti,... jt^ of /-complete and optimal types, 
which correspond uniquely to the irreducible factors of /t^,..., /t^ of / in Ap[a;]. 
This correspondence is determined by 


ordt, {ft,) 


0, \iif^ j, 
1, Ai= j. 
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Initially the algorithm computes the order zero types determined by the irre¬ 
ducible factors of f{x) modulo p, and then enlarges them successively in an ade¬ 
quate way until the whole list of /-complete optimal types is obtained. 

Every output t of the Montes algorithm is a type of order r -I- 1, where r is 
called the Okutsu depth of the corresponding irreducible factor ft (x). The sequence 
[(/i,..., (j)r] is an Okutsu frame of ftix). Details can be found in [12]. 

The invariants Vi,hi,ei, fi at each level 0 < i < r are canonical (depend only on 
f{x)). The (r -|- l)-level t carries only the invariants: 

0r+l, rUr+l, 14+1, Ar+l = —hr+l,er+l = 'f’r+l, fr+1 = 1- 

If fp is the prime ideal corresponding to t, we denote 

/'p(a:) := ft{x) G ip [a:], (j)<p{x) := (l>r+i{x) G A[x], 

nqj := nir+i = deg/qj = degc/iqj, 

tqi := t = ('00) (01) Al, 0l)5 . • . ? (0r) A^., 0r)) (0^) A7.-I-I, 0j.-|-l)). 

Definition 1.2. We say t/iat tip is an OM representation o/fp. 


Algorithm 1 : Montes algorithm 

Input: A monic irreducible separable polynomial f G A[x] and a uniformizer tt of 
a prime ideal p of A. 

Output: A family ti,... ,ts of /-complete and optimal types, parameterizing the 
monic irreducible factors /qj^ (x),..., /qj^ (x) of / in ip[x]. 


l. 3. Okutsu approximations. Denote tp a prime ideal of O over p and let 

tqj = (00) (01) Al, 01), . • . ; (07-) Af, 07-) ; (0q5 > A^+l, 0r+l)) 

be an OM representation of p. The polynomial 0qj(a;) is an Okutsu approximation 
to the irreducible factor f<:p{x) := ft^s{x) [E] Sect. 4.1]. The value A^+i = hr+i 
is not a canonical invariant of /q;. It measures how close is 0q5 to /qj; we have 
0 q 3 = /qi if and only if h^+i = oo. 

In order to determine a p-integral basis our algorithm (cf. Algorithm re¬ 
quires the computation of an Okutsu approximation 0q; with sufficiently large value 
Ar+i = hr+i- This can be achieved by applying the single-factor lifting algorithm of 

m, which improves the Okutsu approximation to /qj with quadratic convergence; 
that is, doubling the value of hr+i at each iteration. By [ini p. 744] it holds 

'^^q3(0q3(^)) = 14+1 + Ar+i, 

where I4+i = erfricrVr hr) (cf. [U p. 141]) is an invariant of the type tqj. By 
[B Proposition 4.7] the value aq}'(0q}(0)) is given by a closed formula in terms of 
the data attached to the types tqj, tqj/, for any prime ideal fp' of O lying over p 
different from ‘p. Hence, the single-factor lifting algorithm can produce an element 
0qj(0) in L with arbitrary large valuation at fp and constant value wqj'(0qj(0)), for 
'P'Ip with «P' 0 ip. 
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Algorithm 2 : Single-factor lifting 

Input: An OM representation ttp of a prime ideal ‘P with an Okutsu approximation 
and ft € Z. 

Output: An Okutsu approximation with w<p(</>fp(6*)) > Vr+i -f ft. 


1.4. Divisor polynomials. The notion of divisor polynomials is due to Okutsu 
m- These polynomials will play a fundamental role in the context of the compu¬ 
tation of a p-integral bases. The results are extracted from [T2]. A comprehensive 
explanation and proofs can be found there. 

For any prime ideal tp lying over p, we consider the data tqj, obtained by 
the Montes algorithm. Additionally, we choose a root fttp in Kp of /qj and consider 
the local field Lqj := Kp{0<:p). In particular, Lqj is an extension of Kp of degree 
nqj = deg/qj. As before, we denote by Vp the discrete valuation on K induced 
by the prime ideal p of A and denote by v its canonical extension to an algebraic 
closure of Kp. Recall that L = K{9), where ft is a root of f{x). Consider the 
topological embedding Lrp : L ^ Lqj, determined by ft i—>■ ftqj. Let Vq be defined as 
in Q. 

Propositiou 1.3. For any integer 0 < m < nqj, there exists a monic polynomial 
gm{x) G Ap[x\ of degree m such that 

w(ftm(ft<p)) > w(ft(ftqj)) - vo{g{x)), 
for all polynomials g{x) G Ap[a;] having degree m. 

Note that the valuation condition from the last proposition does not depend on 
the choice of the root ftqj of /qj. 

Defiuitiou 1.4. We call gm{x) a divisor polynomial of degree m of frp. 

Lemma 1.5. Let 0 < i < j < nqj and gi(x),gj{x) two divisor polynomials of f<:p. 
Then, 

f)(fti(ftq3)) > U(gi(ftq3)). 

Proof. Since x^~^gi{x) G Ap [cc] is monic and has degree equal j, the last proposition 
shows that f)(5i(ft<p)) > T(ft^“*5i(ftq3)) > v{gi{0<:p)). □ 

Let tsqj be an OM representation of the prime ideal *P lying over p, with cj)- 
polynomials (pi ,..., (pr- We fix (pn := x. Recall that mi = Aeg(pi, for 0 < i < r. 

Theorem 1.6. For 0 < m < n<p, we write uniquely 

m = y Cimi, U < Ci < -. 

mi 

i=0 

Then, gm{x) := ni=o « divisor polynomial of degree m of f<:p. 

Defiuitiou 1.7. For a prime ideal ^ of O we define 

% := {goix), gi{x),..., gn,p-i{x)} 

with go{x) = 1. 

Note that, for a prime ideal tp, the set is a subset of A[x\. The set of all 
, for 0 < TO < nqj, is an Ap-basis of the integral closure of Ap 
in the finite extension Ap(ftq 3 ). This basis is called the Okutsu basis of tp. 
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2. Reduced bases 


In order to describe our algorithm for the computation of a p-integral basis we 
use the notion of reduced bases which was introduced by W.M.Schmidt [IS] in the 
context of algebraic function fields. 

By weakening the concept of reduceness we obtain the notion of semi-reduceness 
and deduce a new characterization of p-integral bases (cf. Theorem 3.21. Recall 
that L = K{9) is the finite extension of K determined by the monic separable and 
irreducible polynomial /. 

Let Up be the discrete valuation determined by the non-zero prime ideal p and 
TT G p a uniformizer. We define a Up-compatible norm. 


Definition 2.1. A p-norm on L is a mapping w : L—J-QUloo} that satisfies: 

(1) w{x + y) > min{rt;(a:), w( 2 /)}, 'ix,y G L, and equality holds if w{x) ^ wljj), 

(2) w{ax) = Up(o) -f w{x), for all a G K and x G L, and 

(3) w{x) = oo if and only if x = 0. 


In other words, a p-norm is an extension of the valuation Up to the finite extension 
L having all properties of a valuation except for the good behavior with respect to 
multiplication. 


Definition 2.2. Let w he a p-norm. The set B G L is called w-reduced if 

(4) = mm{u;(A66)} 

beB 

for all Xb G K. If we have additionally 0 < w{b) < 1, for all b G B, then we eall B 
w-orthonormal. 

If we weaken condition @ to 

u;(^A 66)J = mn{[u;(A66)J}, 

beB 

we call B w-semi-reduced or w-semi-orthonormal, respectively. 

Equivalently, B is w-reduced if and only if 0 holds for coefficients Xb G A not 
all of them divisible by p. 

If the p-norm w is fixed we just say (semi-) reduced or (semi-) orthonormal, 
respectively. 

Let B = {6i,. .., bm} be a w-reduced set. Then, for any oi,..., G K*, the 
set {oi&i,... ,ambm\ is w-reduced. 

Clearly, any (semi-) reduced set B G L can be normalized to a (semi-) orthonor¬ 
mal set I h G B}, where mb := — [w(6)J. 

2.1. tp-reduceness. In this section we introduce the notion of tp-reduceness, which 
can be seen as a “local” concept of reduceness. Let fp be a prime ideal of O lying 
over p with ramification index e := e(fp/p). We denote by usp the discrete valuation 
which is induced by *p. Then, the discrete valuation 

w<p : LQ U {oo}, wqj := 
becomes a p-norm on L. 

Clearly, wqj has a better behavior with respect to multiplications. In fact, we 
have Wfp{ab) = w<:p{a) -\- W(p(5), for all a,b G L. Hence, we obtain the following 
statement. 
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Lemma 2.3. Let B G L be a w<:p-reduced set and c G L*. Then, cB is -reduced. 


In order to derive an adequate reduceness criterion for the concept of “local” 
reduceness, we are going to consider local fields. Therefore, we consider the com¬ 
pletion of the field L at the prime ideal fp (details can be found in [Tl]b 

Denote by Lip the completion of L at the prime ideal tp. Regarding the notation 
from Subsection 1.4 for fp|p, we can realize the completion Lqj as 


(5) 


L<p = Rrp(%), 


where Kp is the completion oi K at p, and flip denotes a root of /ip, the irreducible 
factor of / in Ap[x\ corresponding to tp. 

The valuation Vp extends in a unique way to a non-discrete valuation 

V : Kp . 

Note that ■0(isp(z)) = rc(p(z), for z G L, where ttp denotes the injection of L into 
L>p determined by 0 i—>■ 0(p. In particular, it holds 

(6) w<p(g(6l)) = D(5(6»<p)) = v{Res{g, /<p))/nq3, for all g{x) G A[x]. 


We denote by Oip C Lqj the valuation ring of the restriction of v to Ltp and set 
mtp := {z G Otp I v(z) > 0} the maximal ideal of C)<p. 

The next lemma will play a fundamental role in the subsequent description of 
the computation of p-integral bases. Any nonzero prime ideal ^ of O determines 
a set Bm of divisor polynomials (cf. Definition 1.7). For a subset B of A\x] denote 
B{d) := {g{e) \gGB}. 


Lemma 2.4. The set B<:^{6) is wr^-reduced. 

Proof. Clearly, w := wrp = e~^v<p is a discrete valuation, and w(g(0)) = v(g(0q})) 
for all g G A[x] by (|^. Suppose that B<:p{9) = {1, gi{9),..., gn,p-ii0)} is not 
ru-reduced. Let Aq, ..., G A with 

nq 3 —1 

(7) wf > min {w(A,g,(9))}. 

\ / 0<2<nm 

z=0 - ^ 

By the strict triangle inequality we only have to consider all summands on the 
left hand side of Q, which have the same (minimal) w-value. In other words, we 
can assume that all summands on the left hand side of Q have the same norm. 
According to Lemma [L^ it holds w{gi{d)) > w{gj{9)), for all 0 < j < f < n<p. 
Since all summands iiil7|) have the same norm, we have Vp{Xj) > Vp{Xi), for all 
0 < j f < u-^p. Hence, g{x) := ^ Xigi{9) is a monic polynomial of 

degree ntp — 1 with coefficients in Ap satisfying: 

wig{9)) > min {w(A;)^_iA, 5 i( 6 l))} = w( 5 „ 1 ( 0 )), 

which is a contradiction, as gn^j-i is a divisor polynomial of /sp (cf. Proposition 

□ 


Henceforth we consider the p-norm w := wsp. We are interested in a criterion 
to check wether a set H C L is rc-reduced or not and consider therefor a kind of 
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reduction map. Let TTsp be a prime element of the prime ideal fp (i.e. W(p(7r(p) = 1). 
For any r G Q the sets 

L>r := {z G L I w{z) > r} D L>r := {z G L | w{z) > r} 

are Ap-submodules of L. Their quotient is a fcp-vector space Vr '■= L>r/Lyr, where 
fcp := A/p is the residue field of p. For r ^ w{L) it holds Vr = 0, whereas for 
r G ic(L) there is a non-canonical isomorphism Vr = fcqj, which we are going to 
describe. Suppose that r G w[L)] that is, er G Z. Consider the division with 
remainder 

er = qe + m, 0 < m < e. 

For z € L with w{z) > r, a reduction map is given by 

red^(2;) : L>r —>■ %, z + tp, 

The map red^ induces a fcp-linear isomorphism between Vr and /cqj and vanishes 
on L>r. 

Theorem 2.5. A set B C L is w-reduced if and only if for any pG7^:={w(5)+Z| 
& G ;B} the vectors in 

{red^^^^(6) \ b G B with w(b) + Z = p} 
are kp-linearly independent. 

Proof. For p G 7?., we set ;Bp := {5 G | ic(6) + Z = p}. We use the following claim 
in order to prove the statement. 

Claim: 

The set B is w-reduced if and only if Bp is ic-reduced, for all p GTZ. 

By the claim we can assume that all vectors b G B have the same norm p modulo 
Z. Moreover, we may assume that all vectors b G B have the same norm, by 
replacing each 6 G B by 7r™6 for an adequate choice of m G Z. Let us denote by 
r := w(b) this common norm. 

Let B = {&!,..., bn}. We may consider hi,..., /i„ G A not all divisible by p, 
so that mini<i<„{i;p(hi6i)} = r. Then, trivially, w{z) = r iff red^(z) 0 iff 
Sr=i ''ed^(6i) 0, where h G kp indicates reduction modulo p. 

We prove the claim. Since any subset of a reduced family is reduced, we only 
need to show that B is reduced if all Bp are reduced. 

Let J := {p G Q/Z | Bp 0}. We have E := (B)*- = 0pg/ Ep, where Ep is the 
subspace of E generated by Bp. Take ai,..., a„ G K and let x = This 

element splits as a: = where Xp = gB Si’^ce all values w{xp) 

are different (because w{aibi) = w{bi) modZ), we have w(x) = mmp^f{w(xp)}. 
On the other hand, since all Bp are reduced, we have w{xp) = minb.gBp{iy(ai6i)}. 
Thus, B is reduced. 

□ 

In order to obtain an analogous criterion to test if a subset of L is w-semi- 
reduced we introduce another kind of reduction map. To this end, we consider 
fP-adic expansions of elements in Ltp. Let Oqj bee valuation ring of ftp and fix 
a system of representatives R of the residue class field fcqj Oqj/'P = Oqj/mqj 
of *p. By [141 Satz 4.4] any nonzero element z in Lqj has a unique representation 
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z = 7r^(Ao + AiTTsp + A27r^ + • • • )j where Xi G R and m = Pfp(z) G Z. In particular, 
for any z G L* we can write 

OO 

j=v^ (z) 


Definition 2.6. Forr G Q and z G i>[rj, we /laiie wsp (ztt L'’!) = yf^(^z) — e\r\ > 0. 
We write i(p(z 7 r“L'’J) = Ag + Aiirip + • • • + Ae_i7r^~^ + '' m o.nd define 

sred53(z) := (Ag,.. •, Ae-i) G 
where A G fcsp is reduction modulo tp o/A. 


Clearly, sred^ induces a A:-linear mapping k^. 

Theorem 2.7. A set B G L is w-semi-reduced if and only if the vectors in 

{sred^^^^ (b) \ bG B} 

are kp-linearly independent. 


Proof. The statement can be proven by considering the proof of Theorem 2.5 and 
replacing w by [icj and red^ by sred^, respectively. □ 


2.2. p-reduceness. The concept of ^-reduceness can be generalized to several 
prime ideals iPi,... Henceforth denote by S' = {fPi,... ,*Ps} the set of all 
prime ideals lying over p. The set S induces a mapping 

(8) ws : L -)■ QU {oo}, ws(z) := min {uiq 3 ,(z)} 

l<'i<s 

An immediate consequence of this definition is the following observation. 


Lemma 2.8. The map ws is a p-norm on L. 

As in the last subsection we define “reduction maps” red and sred in order 
to generalize the reduceness-criterion from Theorem 2.5 and the semi-reduceness- 
criterion of Theorem 2.7 to this situation. Denote for 1 < i < s by := e(*Pi/p) 
the ramification index of and set w := ws. 


Definition 2.9. For r G Q and z G L, we define 

redg(z) := (red^.(z))i<i<s G x • • • x and 
sreds(z) := (sred^.(z))i<j<s G x • • • x k^^. 

The following properties are transmitted by the properties of the local mappings 
red^^ and sred^., for 1 < f < s, respectively. 

Lemma 2.10. The mappings redg and sredg induce kp-linear mappings Vf -G 
fctpi X • • • X krp^ and k^^ x • • • x k^ and vanish on L>r and LsYr\+i} 

respectively. 

Analogously to Theorem |2.5| and Theorem |2.7| one can prove the following state¬ 
ments. 


Theorem 2.11. A set B G L is w-reduced if and only if for any p G TZ := 
{w{b) -\- Z \ b G B} the vectors in 

{redg*'^^(6) \ b G B with w{b) -\-Z = p} 
are kp-linearly independent. 
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Theorem 2.12. A set B G L is w-semi-reduced if and only if the vectors in 

{sredg^^^ (6) \ b G B} 


are kp-linearly independent. 

We are interested in the relation between '^-reduceness and ^-reduceness. Recall 
that TT is a fixed uniformizer of p. 

Theorem 2.13. For 1 < i < s, let Bi G L he w<:p.-reduced and Zi G L such that, 
for all b G Bi, 

(9) w<:p,{z^b) < w<:p.{zib), for j G {1,... ,s}\{i}. 

Then, is w-reduced. 

Proof. We set red[ := red^. and Wi := for 1 < i < s and r € Q. By Q, 
for 1 < i < s and b € Bi, it holds w{zib) = Wi{zib) < Wj{zib), for j i. Then, 
we obtain red“^^’^^(zi6) = 0 G for all j i, by the definition of redj. Hence, 

red^^^'^\zib) is given by 


(0, ...,0,red“^'''*'^(2:*&),0, 


By Lemma [2.3| the sets ZiBi are Wi-reduced, for 1 < i < s, and therefore, for each 
p G Q/Z, the elements { red^ ^^*^^(zi&) \ h G Bi, w{b) -\- Z = p} are /cp-linearly 

is w-reduced by Theorem 

□ 


independent by Theorem 

[mi 


2.5 


Hence, the set Ui=i 


Theorem 2.14. For 1 < i < s, let Bi G L he lurp.-reduced and Zi G L such that 
for all b G Bi 

(1) [w<:p,{zib)\ < [w<:p-{z^b)\ for 1 < i < j < s 

(2) [w<:p,{zib)] < [w<:p,{zib)\ for 1 < I < i < s. 

Then, lJi=i w-semi-reduced. 

Proof. We set Wi := w^. and sred[ := sred^., for 1 < i < s and r G Q. By the 
hypothesis, for 1 < Z < j < s and b G Bi, we have lw{zib)\ = lwi{zib)\ < lwi{zib)\; 
hence, sredl^*'^‘^^(zi&) = 0 G fcS • In particular, with ri := w(zib) we deduce, for 
1 < i < s, 


( 10 ) 


sredg'(zi6) = (0,..., 0, sredp (zj&), 


Since lw{zib)\ = lwi{zib)\, we have 

the sets 


2.3 


with some vectors * G k^ , for j > i. 

sred“^^‘^^(zi6) = sred™’^^’^^(zi6), for b G Bi. According to Lemma 
ZiBi are iCi-reduced, and particularly Wj-semi-reduced. Then, by Theorem |2.7| the 
family {sred“‘^^‘**^(zi&) | b G Bi} is Zcp-linearly independent. By (10), the fa mily 
Ui<i<s{sred 5 ^^‘^^(zi 6 ) | b G Bi} is fcp-linearly independent. Thus, by Theorem 
Ui<i<s w-semi-reduced. 


2.12 


□ 
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3. Computation of p-integral bases 

Let 0 be a root of a monic irreducible separable polynomial / S A[x\ of degree 
n and let L = K{0) be the finite separable extension of K generated by 9. We fix 
a non-zero prime ideal p of A and denote by the localization of A at p and set 
fcp = A/p. We denote by O the integral closure of A in L. The goal of this section 
is to describe an algorithm, which computes a (reduced) p-integral basis of O. 

Lemma-Definition 3.1. Let G O be A-linearly independent elements 

and denote by M = the A-submodule of O that they generate. The 

following conditions are eguivalent: 

(1) bi,... ,bn are an Ap-basis of Op. 

(2) bi,... ,bn are a kp-basis of Op/pOp. 

If these conditions are satisfied we call (bi ,..., 6„) a p-integral basis of O. 

Proof. The two conditions are equivalent by Nakayama’s lemma. □ 

Denote by S the set of all prime ideals of O lying over p and consider the p-norm 
ws defined in (|^. In [7] it was shown that a ws-orthonormal set of n elements in 
L determines a p-integral basis. The next theorem is an improvement of this result 
and a new characterization of p-integral bases. 

Theorem 3.2. Let B be subset of L with n elements. Then, B is a p-integral basis 
of O if and only if B is ws-semi-orthonormal. 

In order to prove Theorem |3.2| we will use the following lemma. 

Lemma 3.3. Let B' = (6p,..., &/) be a w-semi-orthonormal basis, T S GL„(Ap), 
and B = (bi,..., bn) determined by (6^,..., 5/)T = {bi,..., bn). Then, B is a w- 
semi-orthonormal basis. 


Proof. We consider the extension of Vp to Lf": 

Pp((ai,... ,a„)) = min {z;p(ai)}. 

l<2<n 

Claim: 

A matrix T = (tij) G belongs to GL„(Ap) if and only if preserves Up; that 

is, Vp(aT) = Vp(T) for all a € AT". 


After the claim, the statement of the lemma yields immediately: For a = 
(oi, ..., On), a! = (a'p,..., a/) with a' := ^ w-semi-orthonormal 

basis B' it holds 


w 


n 

(^aA)J 


n 


min {Pp(a')} = Vp{aT) = Vp{a), 

l<i<n 


Thus, B is w-semi-orthonormal. 

In order to prove the claim suppose T preserves Vp. For all vectors of the 
standard basis of AT” we have Vp{eiT) = Vp{T) = 0, so that all rows of T have 
entries in Ap. This shows that T G Ap^". The reduction T G kp^" acts on kp 
and sends non-zero vectors to non-zero vectors. Thus, T is invertible and therefore 
T G GL„(Ap). 
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Now, assume T G GL„(y4p). Then T is a product of elementary matrices. Since 
elementary matrices preserve Up, T has the same property. 

□ 


Proof of Theorem 5^ We set w := ws- Suppose that B is in-semi-orthonormal. 
An easy computation shows that w{z) > 0 if and only if z G hence, the set B 


is a subset of Op. According to Lemma-Definition 3.1 it is sufficient to show that 
S is a set of fcp-linearly independent vectors in order to show that S is a p-integral 
basis of O. 

Assume ^ ^ ^P- Then, w[J2beB ^bb) > 1. Since 

B is w-semi-orthonormal, we deduce w{Xbb) > 1, for all b G B, and therefore 
Vp{Xb) > 1, for all b G B. That is, Xb G pAp, for b G B. 

For the other direction let B be any p-integral basis of O. In [7] it is shown that 
a (semi-) reduced basis B' of L exists. We can assume that B' is already normalized 
to a in-semi-orthonormal subset of O with n elements. As shown above, the family 
B' is also a p-integral basis of O; hence, the transition matrix from B to B' belongs 
to GL„(Ap). Thus, Lemma 3.3 states that B is ic-semi-orthonormal too. 

□ 


3.1. The algorithm. Let S = {fPi,..., fPs} be the set of all prime ideals of O lying 
over p. For 1 < j < s, we denote by := an Okutsu approximation of the 
p-adic irreducible factor fc^. of / in A^[x\ (cf. subsection 1.3) and let Bj := B^;^. (d). 


where B^. is defined in Definition 1.7 

In [TU] are given closed formulas for the values for j i m. terms of 

data collected by the Montes algorithm. We recall that when we improve the 
value nqj;(d)i(0)) increases, but the values nq 3 -($i( 0 )) for j remain constant. 

We set n^. = deg/<p^-, for I < j < s. Note that n^. = e(*Pj/p)/(fPj/p), 
where /(tp^/p) denotes the residue degree of tPj over p. By Lemma 2.4 the set 
Bj is W(p^. -reduced. By definition it holds ffBj = degfcp., for 1 < j < s; hence, 
# Uk=i /q ?, =degf = n. Denote by tt a uniformizer of p. 

By applying Theorems |2.13[ [2.14[ and|3.2|we obtain the next two statements. 


Theorem 3.4. For 1 < k < s, we set 


( 11 ) 

1=1 


where tj G {0,1} and the Okutsu approximation <I>j are chosen in such a way that, 
for all b G Bk, 

(1) ^ \ w<:pi{zK.b)\, forl<K<i<s, 

(2) [w^^{zj))\ < \ w<:pXzKb)\, forl<i < K<s. 

Then, {6i,..., 6„} := z^B^ is ws-semi-reduced. In particular, the family 


7pLl«s(hi)J ’ 


1 < i < n. 


is a p-integral basis of O. 


Theorem 3.5. If we replace in Theorem \3.4\ item 1 and 2 by the condition 
w^^{Zf,h) < foriG{l,...,s}\ {«;}, 

then )i<i<„ is a ws-orthonormal basis of O. 
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The idea of using multipliers to construct integral bases goes back to Ore (1925). 
In a similar way of determining adequate multipliers is presented. An advantage 
of our choice is that in practice the multipliers are simple. That is, many 
exponents Cj in (11) can be chosen to be zero. Often we may take 

^ n 1 < N < s- 


Since deg = nsp^. and = {5o(^): ■ • ■ 9n^. (0)} with G A[x\ monic of degree 
m for 1 < j < s, the degree of Y[j<K is equal J2j<K and the basis 

B is in that particular case triangular. Even though, the multipliers are not 
always that simple, our choice leads in many cases to a partly triangular basis B. 
Hence, the resulting p-integral basis can be transformed quickly 

into a triangular or Hermite basis. 


Algorithm 3 : Computation of a p-integral basis 


Input: Monic separable and irreducible polynomial / S A[x\, an uniformizer tt of 
a non-zero prime ideal p of A, and a boolean variable red. 

Output: A p-integral basis of O, which is additionally ws-orthonormal if red = 
TRUE. 


1 

2 

3 

4 

5 

6 
7 


Algorithm!^/, 
for *)3i|p do 

Determine Bi = with iJtp. as in Definition 1.7 


Determine by Algorithm satisfying, if red = FALSE, the conditions of 
Theorem 13.41 and else the conditions of Theorem 13.51 
end for 


{bi, . . . , bn} <— Uk=1 ^kBk 

return 


In order to determine the exponents Cj and the precision of the approximations 
satisfies the conditions of Theorem 13.41 or Theorem 13.51 we have to 


so that Zi_ 

compute the values w<:q-{zJ)), for all 1 < N,j < s and b G B^- That is, we need to 
determine the values and v<:p-{b), for 1 < K,j < s and all b G B^,- In [TOl 

Proposition 4.7] concrete formulas can be found, which only depend on the data 
computed along Algorithm [l] Hence, these values can be computed as a by-product 
at cost zero. Thus, the cost of the determination of the integers and the precision 
of the approximations can be neglected. 

In order to determine an integral basis of O (i.e. an A-basis), we may compute 
p-integral bases Bp of O for any prime ideal p with Vp (Disc/) > 1 and transform it 
into a triangular basis. Then by an easy application of the CRT one can combine 
the “local” bases Bp to a global one. 


3.2. Complexity. For the subsequent complexity analysis we define 5 := fp (Disc/) 
the p-valuation of the discriminant of /. The following steps dominate the runtime 
of Algorithm]^ 

(1) Montes algorithm 

(2) Computation of local sets Bi = B^^{9), for 1 < i < s 

(3) Computation of multiplier z^, for 1 < i < s: 

(a) Determining <i>i with necessary precision 










16 


JENS-DIETRICH BAUCH 


(b) Computing := 

(4) Computing 

We admit fast multiplication techniques of Schonhage-Strassen m- Let i? be a 
ring and let gi,g 2 G -R[a^] be two polynomials, whose degrees are bounded by di and 
^ 2 , respectively. Then, the multiplication gi ■ g 2 needs at most 0(max{(ii, ^ 2 }^"'"'^) 
operations in R. We may consider the elements in A to be finite 7r-adic devel¬ 
opments whose length is at most 5 -I- 1 by [TJ Thm. 3.14], We fix a system of 
representatives TZ oi A/p and call an operation in A p-small if it involves two ele¬ 
ments belonging to TZ. Hence, any multiplication in A can be realized with at most 
p-small operations. We assume that the residue field A/p is finite with q 
elements. 


Montes algorithm: 

The Montes algorithm has a cost of O -I- log q + p-small 

operations m Thm. 5.15]. 


Local sets: 

We begin with analyzing the cost of determing Bi = B<:p. (6) for one i G {1,..., s} 
as defined in Definition 1.7 We fix fp = corresponding to the type t = tqj and 
consider gmix) := 0 < Ci < mi+i/rm for 

0 < m < ntp. Let di := mi+i/rrii — 1 and define g{x) := YYi=o 4‘i{xY'■ Then, 
gmix)\g{x) for 0 < m < nip. Thus, the cost of computing g by brute force is 
dominating the complexity of the computation of go,, gn,^-i. For any power c/Y 
in g we count di — 1 multiplications in A[x]. Since g is the product of r -|- 1 powers 
we can determine g by 


'^di- l-\-r = ^ 


2 = 0 


S2=0 


2=0 


2=0 


multiplications in A[x\. Hence we can compute Hqj with at most nqj multiplications 
in A[9]. Thus, the cost of the computation of is n multiplications in A[9] or 
equivalently, O p-small operations. 


|3a| Okutsu approximation: 

In order to compute the multipliers defined in (11), we have to improve the 
Okutsu approximations to an adequate precision. According to [1] Theorem 
5.16], the cost of the computation of an Okutsu approximation <i>i with precision v 
at (that is, wtp. ($^(0)) > v) is given by 


p-small operations. 

The following technical lemmas provide concrete bounds for the precision v of the 
Okutsu approximation for 1 < i < s, which is sufficient in order to determine a 
p-integral basis with Algorithm]^ 

In the following observation we assume that the multipliers z^ are given by 

S 

« = alle,=l. 

i=i 


-2, 
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Although in practice many of the exponents ej can be chosen to be zero, for the 
complexity estimation we consider the worst case ej = 1 , for j ^ k. 

Lemma 3.6. For 1 <i < s, let Bi = {bi j | 0 < _;/ < nqi-} and <i>i such that 
( 12 ) z(;q 3 ,($i( 6 >)) > maxi max max + 

I 1<K<2<S l<2</t<S J 


where 


H, . := 


S S 


i=i 


i=i 


Then, {bi ,... , 6 „} = with := ^> 1 ( 6 ') • • • 5‘k-i(0) • ^k+i(^') • • • ^s{d) is 

ws-semi-reduced. In particular, the family 

h 

Trlu'sl&ilJ ’ 

is a p-integral basis of I. 


1 < i < n 


Proof. We show that the conditions on the can be translated to the following 
statement: For 1 < n < s and for 0 < Z < ntp^ it holds 

(1) for 1 < N < i < s and 

(2) + 1 for 1 < i < K < s. 

Then, the statement of the lemma follows from Theorem |3.4| 

The inequality ($^(0)) > for k < i, implies that, for 0 < Z < nqi^. 




1 = 1 

S S 

w<pii (b^.i > wq3„ (bK,i 


■ 


S 

{b,,i n 


1=1 

j^K,l 


1 = 1 
It^K 


1 = 1 
1#« 


which proves the first item. Analogously, the inequality wqj. ($^(0)) > + 1 , for 

K > i, implies the second item. □ 

Analogously to the last proof one can show with Theorem |3.5| the following 
statement. 


Corollary 3.7. If we require 

iTqj,(^'j( 6 »)) > max {i7j K | 

1<K<S 

for 1 < i < s, instead of (1^ , then the p-integral basis from the last lemma is 
Ws-orthonormal. 

By Lemma |3.6| we deduce a lower bound for the precision of the approximations 
for 1 < z < s. 

Lemma 3.8. For l<ijt=K<s we have 
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Proof. We keep the notation from Lemma 3.6 For 1 < k, j < s and 0 < I < nsp^ it 
holds 

S 

(bK,i 

i=i 

since $i(0) G O. We estimate Wf^^fbK.iZK.) in order to determine a bound 
for Hi 1 ^. By definition, the elements G are given by 5^,/ = gK,i(P) with 
gK.,iix) G A[x\ monic of degree m < nsp„. In [TJ Proposition 1.3] it is shown that all 
monic polynomials g G A[x\ of degree less than satisfy v^^{g{9))/e{^K./p) < M 
for a certain constant g which satisfies g < S/n<:p^. Hence, W'^^{bK,,i) < for 

all 0 < ^ < 

We consider (^i(^))/e(^K/p)- Let /i,..., /^ be the ir¬ 

reducible factors of the polynomial / in Ap [cc]. As in ([^ , we identify the completion 
of L at the prime ideal with A'p(0(p^), for 1 < k < s, where denotes a root 
of the irreducible factor /k. Let v be the extension of Up to the algebraic closure of 
Kp. With Q it holds 

S 

i—1 

[151 III.§2-4], and we deduce W(p^(z„) < S. Together with the previous estimations, 
we obtain = 0{5). 

□ 

According to the last lemma, we compute in Algorithm approximations 
with a precision v = 0{6) at cost of 

0{nn<:p.6^~^'^) 

p-small operations. In the worst case we have to determine all approximations 
with that precision. As X]i=i ^Le cost of computing the adequate approx¬ 

imations can be estimated by 0{n^S^~^A p-small operations. 


3b Multiplier: 

We analyze the cost of the computation of the multipliers z^, for 1 < k < s. As 
mentioned before, the worst case occurs if any multiplier is given by 


2k= n 


i=i 


,Zs can be determined by 2{s — 3) + s 


Lemma 3.9. Let s >2. The multipliers zi, 
multiplications in A[6]. 

Proof. Initially we compute the products 

(13) $i$ 2 , ..., $1 • • • ^> 8-2 and 

(14) ..., $3 • • • «>«. 

This can be realized by 2(s — 3) multiplications. Every Zi can be written as a 


product of two factors, where each of them belongs to list (13), list (14), or is one 


of the 4)^. Hence, to determine the multipliers Zi,... ,Zs we have to apply exactly 
s additional multiplications. □ 
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The complexity of any multiplication in the realization of the multipliers can be 
estimated by operations in A, since the degree of any product of approx¬ 

imations in © and ( |l4| ) is less than n, for 1 < i < s. As s < n, the complexity 
of the computation of zi,..., is equal to operations in A; 

that is, O p-small operations. 

1^ Basis multiplication: 

We determine the products for 1 < k < s and 0 < j < Any 

is given by = gnj^O), where g^^ix) is a monic polynomial in A[x\ of degree 
3 < For 1 < K < s, the multiplier is given by a polynomial in A[x\ of 

degree less than n — evaluated in 9. Hence, the computation of Zub^j can be 
realized at cost of 0(n^+'^) operations in A. As X]i=i compute 

all sets z„Hk at the cost of 0(n^+'^) operations in A which equates O 
p-small operations. 

We summarize the results in the following lemma. 

Lemma 3.10. Algorithm^ determines a p-integral basis of O by at most 
O (n^+"(5 log g -f -b 


p-small operations. 


4. Experimental results 

We have implemented the p-integral basis algorithm]^ from Sectionj^in Magma [5] 
for an algebraic function field F determined by a monic separable and irreducible 
polynomial / G A[x\ with A := k\t\ for a field k as specified. Furthermore we have 
extended this algorithm to an integral basis algorithm; that is, we determine an 
integral basis oi Op ■= C1(A,F) by computing a triangular p-integral basis of Op 
for all p e Spec(A) with ?;p(Disc/) > 1 and merge those by an application of the 
CRT. 

We will compare the runtime of our algorithm with the implementation of the 
variant of the Round 2 algorithm and with the implementation of the Quotient 
method presented in [7] both in Magma. All timings are in seconds and taken on a 
Linux server, with an Intel Xeon processor, running at 2.27 GHz, with 12 GB of 
RAM memory. For the first examples we use families of global function fields, which 
cover all the computational difficulties of the Montes algorithm m- Later, we use 
function fields over the rationale. Note that we assume that all prime polynomials 
in A, which are divisible by the ramified prime ideals oi Op, are precomputed. 


4.1. Global function fields. At first we consider global function fields; that is, 
f{t,x) G a:] is defined over a finite field with q elements. 


4.1.1. Example 1. Let f{t,x) = {{x^-\-4p{t)x^-\-3p{t)'^x'^-\-Ap{t)'^)'^-\-p{t)^)^-\-p{t)’^ G 
F 7 [t,a;] with p{t) = t^ 2 and 1 < fc < 500 and denote by F the induced function 
field. Those prime ideals oi Op which divide p are among the ramified prime ideals 
ot Op. For A: > 17 the ideal p ■ Op splits into 6 prime ideals. 


Seconds Seconds 
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.1.2. Example 2. We consider the function field from Example |4.1.1 for prime 
olynomials p € A with 1 < deg(p) < 220 for k = 23. 



deg p 


4.1.3. Example 3. For 1 <l <7 and p := + 4 we take the family of polynomials 

fi G F 7 [t,a;] as defined below and denote by Fi the induced function fields. For 
1 > 1 we have p ■ Opi = fi ^ 
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Multiplier 

Quotients 

Magma 

fl{x) = x^ +p 

0 

0 

0 

f2ix) = fi{xy + {p-l)p^X 

0 

0 

0 

fsix) = / 2 (a;)^ 

0 

0 

1 

fiix) = h{xf +p^yx/ 2 {x) 

0 

0 

520 

fb{x) = fi{xY + (p - l)p*'^xfi{x)fYxY 

1 

8 

60000 

h{x) = fYxY +P^^xfYx)fA{x) 

10 

20 

- 

h{x) = h{xY +P^'^^xf 2 {x)fA{x)fYx) 

226 

21530 

- 


4.1.4. Example 4- We consider f{t, x) := x^^^^ — (t^ + l)(x^ ~ 1) ~ + l)a: 

in F 3 [i, a:] and denote by F/F 3 the induced function field. It holds = 111=1 Vi- 


Multiplier 

Quotients 

Magma 

68 

486 

a 


^All virtual memory has been exhausted, so Magma cannot perform this statement. 

4.2. Function fields over Q. The following examples are taken from [5]. For 
1 < / < 6 we take the polynomials gi G Q[t, 3 :] as below and denote by Fi the 
induced function fields. 


i 

91 

Ramification 

1 

(x^ + 2Ex^ +E’ + t^xY + (txY^ 


2 

2;22 ^ ^22 ^ ^22 2({tzY^ - + (x2)“), Z = t - 2x + 1 


3 

[x^^ + 

t-OF,=VYVYV3---V6 

4 

+ t^x^ +E + 2t^ + E 

t-OF,= ?pf ^ 

5 

2;401 3 ^ fbUU j2 


6 


t-OF,= « 


^There are more prime ideals of Ojr^, which are ramified and do not divide t. 


l 

deg Pi 

Multiplier 

Quotients 

Magma 

1 

12 

0 

0 

2 

2 

22 

35 

53 

183 

3 

100 

0 

0 

- 

4 

200 

1 

1 

- 

5 

401 

0 

1 

- 

6 

500 

1 

5 

- 
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